Abstract. In the case of the fine Simpson moduli spaces of 1-dimensional sheaves supported on plane quartics, the subvariety of sheaves that are not locally free on their support has codimension 2.
Introduction
It was shown by C. Simpson in [12] that for an arbitrary smooth projective variety X and for an arbitrary numerical polynomial P ∈ Q[m] there is a coarse projective moduli space M := M P (X) of semi-stable sheaves on X with Hilbert polynomial P .
In general M contains a closed subvariety M ′ of sheaves that are not locally free on their support. Its complement M B is then an open dense subset whose points are sheaves that are locally free on their support. So, one could consider M as a compactification of M B . We call the sheaves from the boundary M ′ = M M B singular.
One of the unsatisfactory facts about Simpson compactifications is that M
′ does not have the minimal codimension. Loosely speaking, one glues together too many different directions at infinity.
As mentioned in [8] and [7] M ′ has codimension 2 in the case of the projective plane and Hilbert polynomials 3m + 1 and 3m + 2.
In this note we study the codimension of M ′ in the case of M = M 4m+a (P 2 ), gcd(4, a) = 1, i. e., for the fine Simpson moduli spaces, which consist entirely of stable points and parameterize the isomorphism classes of sheaves. In [9] it has been shown that M is a smooth projective variety of dimension 17. The main result of the paper is the following statement. Proposition 1.1. Let M be the Simpson moduli space of semi-stable sheaves with Hilbert polynomial P (m) = 4m + a, gcd(4, a) = 1. Let M ′ ⊆ M be the subvariety of singular sheaves.
Notice that twisting with O P 2 (1) gives the isomorphism M 4m+a (P 2 ) ∼ = M 4m+a+4 (P 2 ). Moreover, by the duality result from [11] , M 4m+a (P 2 ) ∼ = M 4m+4−a (P 2 ). Therefore, it is enough to consider the case of a = 1.
Let M be the Simpson moduli space of (semi-)stable sheaves on P 2 with Hilbert polynomial 4m + 1. In [3] it has been shown that M can be decomposed into two strata M 1 and M 0 such that M 1 is a closed subvariety of M of codimension 2 and M 0 is its open complement.
2.1. Closed stratum. The sheaves represented by points from M 1 are exactly those with the locally free resolution
where z 1 and z 2 are linear independent linear forms on P 2 . M 1 is a geometric quotient of the variety of injective matrices ( 
such that the (2 × 2)-minors of the linear part of A are linear independent. Equivalently, the Kronecker module 
Let X be the variety of injective matrices
2.3.
Characterization of singular sheaves in M 0 .
Lemma 2.1. The sheaf E A from M 0 is singular if and only if the ideal I min generated by all (2 × 2)-minors of A defines a non-empty scheme.
Proof. If there are no zeros of I min , then at every point of P 2 at least one of the (2 × 2)-minors is invertible, hence using invertible elementary transformations one can bring A to the form
If p is a zero point of I min , then the rank of A is at most 1 at p. Therefore, the dimension of E(p) = E p /m p E p is at least 2. Since the rank of E (on support) is 1, we conclude that E is a singular sheaf.
Some morphisms from M 0
Let V be the variety of stable (3; 2, 3)-Kronecker modules, i. e., of (3 × 2)-matrices with entries in Γ(P 2 , O P 2 (1)) and with linearly independent (2 × 2)-minors. Let N = N(3; 2, 3) be its quotient space. Let V l ⊆ V be the subvariety of matrices with minors having a common linear factor. Let N l ⊆ N be the corresponding subvariety of the quotient space.
Let H = P [3] 2 be the Hilbert scheme of 3 points on P 2 (of zero-dimensional subschemes of P 2 of length 3). Let H l be the divisor of those zero dimensional schemes of length 3 lying on a line.
For a given α ∈ V let I α be the ideal sheaf generated by the (2×2)-minors of α. As mentioned in [5, p. 180] one can define the morphism
This gives an isomorphism
N \ N l → H \ H l . Its inverse H \ H l → N \ N l can be extended to the morphism H π − → N thatdescribes H as the blowing up of N along N l . 3.1. Morphism to N. The map z 0 w 0 q 0 z 1 w 1 q 1 z 2 w 2 q 2 → z 0 w 0 z 1 w 1 z 2 w 2 defines an equivariant morphism X lin − → V and hence the morphism M 0 ν − → N.
3.2.
Morphism to P 14 . Let S = Γ(P 2 , O P 2 (4)). One can identify the variety of plane curves of degree 4 with the projective space P(S) 00 , a 10 , a 01 , . . . , a 04 ∈ P 14 . Then the map A → det A defines an equivariant morphism X → P(S) and hence the morphism
3.3. M 0 and flags of subschemes on
2) The non-empty fibres over
. Then the image of the morphism
coincides with the subvariety of pairs (C, Z) with Z ⊆ C.
Proof. Let E and F be two sheaves represented by points in M 0 . Let E be the cokernel of A ∈ X and let F be the cokernel of B ∈ X. Then
Assume ( det A , [lin(A)]) = ( det B , [lin(B)]). Since [lin(A)] = [lin(B)
] and since N is the orbit space of V , using the group action on V we can assume that the linear parts of A and B are equal, say α = z 0 w 0 z 1 w 1 z 2 w 2 . The equality det A = det B implies that one can assume det A = det B.
1) If there is no common factor of d 0 , d 1 , and d 2 , then the syzygy module is generated by the lines of α T , hence p − q = az + bw for some linear forms a, b and thus
. Hence E and F are isomorphic. T and the third one is (0, y 2 , −y 1 ). Therefore, one obtains that F is given by the matrix of the form
Notice that A ξ and A η define isomorphic sheaves if and only ξ = η.
3) It is enough to show that every (C, Z), Z ⊆ C, is in the image. Let C be given by f ∈ S. Then Z ⊆ C means f ∈ I Z . Since the ideal of 3 non-collinear points is generated by maximal
for some quadratic forms q 0 , q 1 , q 2 
Main result.
Let [E] be a point from M 03 . Then E is a cokernel of some A ∈ X such that the maximal minors of lin(A) generate the ideal I Z of three different points Z = {pt 0 , pt 1 , pt 2 }, pt i ∈ P 2 . Using an appropriate coordinate change one can assume the points to be pt 0 = 1, 0, 0 , pt 1 = 0, 1, 0 , pt 2 = 0, 0, 1 . Hence I Z = (x 0 x 1 , x 0 x 2 , x 1 x 2 ). Using the group action and the minimal resolution of
we can finally assume
4.1. Description of singular sheaves. Let E = E A as above. Let C = Z(det A) be the curve of degree 4 defined by the determinant of A. Then E A can be seen as an extension
Notice that Coker α is isomorphic to O Z .
Since E is stable, it is torsion free on its support. Since torsion free sheaves on smooth curves are locally free (see e.g. [10, Lemma 5.2.1]), we conclude that E is non-singular if C is smooth at all points of Z. So E can only be singular if C is singular at some points of Z.
Let f = det A, i. e., f = x 1 x 2 q 0 − x 0 x 2 q 1 − x 0 x 1 q 2 . Then the singular locus of C = Z(f ) is defined by the ideal
Compute
Then Z ∩ Sing C is given by the ideal
In our particular case the ideal generated by (2 × 2)-minors of A equals
One sees that the zero sets of I min and I Z + I Sing C are equal. Hence Lemma 2.1 implies the following observation. Since the dimension of the subvariety of P(S) of singular curves is 13 and since the singular locus of a generic singular curve is zero-dimensional, we conclude that the dimension of the image of M 
